A divisibility theorem for the odd J-characteristics of
strength-3 two-level designs, with application to the
Eendebak—Schoen—Vazquez—Goos even—odd conjecture

Abstract

Eendebak, Schoen, Vazquez and Goos (2023) conjectured that no two-level orthogonal array
of strength 3 with N € {56,64} runs and n > 9 factors can be even—odd while having all of its
fifth- and seventh-order J-characteristics equal to zero. We prove a sharper, purely structural
statement that settles the conjecture and explains it. Let a two-level design be encoded by
its integer row-multiplicity vector. We show that if every odd-order J-characteristic vanishes
except possibly the top one, of order equal to the number of factors, then that top characteristic
is divisible by 2771, Combined with an elementary projection (marginalization) identity, this
yields: any strength-3 design with Js = 0 and J7 = 0 that possesses some nonzero odd-order
J-characteristic must have at least 2% = 256 runs. Hence no such design exists for any N < 256,
in particular for N = 56 and N = 64, for every n > 9; this is uniform in n and uses no exhaustive
search. The bound 297! on the run size needed to support a nonzero J-characteristic of odd
order ¢ is sharp, attained by the even-weight half-fraction; for ¢ = 7 this is the regular resolution-
VII design 27! at N = 64, which shows that the hypothesis J; = 0 (equivalently the restriction
n > 9) cannot be dropped. Conversely we construct, for every odd ¢, explicit even—odd designs
with Js = -+ = Jy—2 = 0 and J; # 0 once N is large enough, and we determine the minimal
such N to be 2971 4+ b(q) with b(q) € {16,24} a small fold-over block; e.g. the minimal even—odd
counterexample with Js = J; = Jg = 0 and J;; #Z 0 has N = 1048. The phenomenon is one
of integrality: the linear-programming relaxation imposes no such bound. An appendix gives a
Lean 4 formalization of the central divisibility theorem.

1 Introduction

Two-level orthogonal arrays and their J-characteristics (also called generalized word-length or
interaction-contrast patterns) are central objects in the theory of fractional factorial designs [4. 5] [6].
A design is even—odd when it carries both nonzero even-order and nonzero odd-order interaction con-
trasts; such designs were systematically enumerated by Eendebak, Schoen, Vazquez and Goos [1].
In the course of that enumeration the authors observed that, for the run sizes N = 56 and N = 64,
the even—odd designs whose fifth-order characteristics all vanish appear to require at least nine
factors and to have vanishing seventh-order characteristics as well, and they conjectured that no
such design exists at all.

Conjecture 1 (Eendebak—Schoen—Vazquez—Goos [1]). Let N € {56,64} and n > 9. There is no
two-level orthogonal array of strength 3 with N runs and n factors that is even—odd and satisfies
J5(s) = 0 for every 5-subset s and J7(s) = 0 for every 7-subset s.

The original evidence is computational: complete enumeration for N < 48, and partial enumer-
ation plus extension arguments at N = 56,64. A full enumeration is infeasible—already the count
of even—odd designs at (N,n) = (64, 13) exceeds 10'° [1].



In this paper we prove a statement that is both stronger and structurally transparent. Working
with the integer row-multiplicity (indicator) vector of a design, we isolate the elementary arithmetic
fact behind the conjecture.

Main results. Write jg(s) for the (signed) gth-order J-characteristic on a subset s of factors
and Jy(s) = |jq(s)]. Our central lemma (Theorem [5)) states that, for odd n, if all odd-order
characteristics of an n-factor design vanish except the single top one j,([n]) — the characteristic of
the full set of factors [n] = {1,...,n}, which is itself of odd order when n is odd — then j,([n]) is
an integer multiple of 2"~!. Throughout we write the divisibility relation as a | b, read “a divides
b,” meaning b = ak for some integer k; thus the conclusion is

271 Gu((n]), equivalently  j,([n]) € 2" Z.

Because |j,([n])] < N, a nonzero top characteristic (i.e. j,([n]) # 0, forcing |j.([n])| > 27~1)
forces N > 2"~!. Combined with a projection identity (Lemma [8) this gives the main theorem
(Theorem E[): a strength-3 design with J; = J7 = 0 and any nonzero odd-order characteristic has
N > 28 = 256. Since 56,64 < 256, Conjecture [1| follows—indeed for every N < 256 and uniformly
inn>09.

The bound is sharp: the even-weight half-fraction on ¢ factors attains N = 29! (Proposi-
tion . For ¢ = 7 this is the regular 2{,}11 design with N = 64, which has Js = 0 and J7 # 0;
thus the hypothesis J; = 0 in Conjecture [I}—equivalently the requirement n > 9—is necessary
at N = 64 (Remark . Conversely, for every odd ¢ we construct even—odd designs realizing
Js = - = Jy;2 =0, J; # 0 once N is large enough, and we identify the minimal run size

(Theorem [14)).

Why integrality. The continuous relaxation—non-negative real multiplicities—admits solutions
with a nonzero top odd characteristic at every IN; no linear-programming or Delsarte bound forbids
them. The factor 2"~ comes entirely from the multiplicities being integers. This is why the
conjecture holds for small N but fails for large N, and why an integer (rather than linear) argument
is required.

2 Definitions and notation

Let n > 1. We identify the design space with the cube {—1,+1}". A two-level design with N runs
is a multiset of N points of {—1,+1}", encoded by its row-multiplicity vector

f: {_17+1}n_>ZZO7 Z f(.’I,') :Na

ze{—1,+1}"

where f(z) is the number of runs equal to . Every such f is realizable (take f(z) copies of the
row ), and the quantities below depend only on f, not on the ordering of the runs.

For a subset s C [n] := {1,...,n} define the character (interaction-contrast monomial)
Xs(x) = Hx’b € {_17 +1}7
1€8

and the (signed) J-characteristic

i) =gws) = Y f@xs@ =Y [Ir,  J6) =1ils)l- (1)

ze{-1,4+1}" runs r i€s



Thus j(s) is the signed sum, over runs, of the product of the entries in the columns indexed by s;
it is an integer with [j(s)] < N.

Definition 2 (strength, even, even—odd; cf. [1]). A design has strength t if j(s) = 0 for every
nonempty s with |s| < ¢. A strength-3 design is:
e cven if Jy #Z 0 and j(s) = 0 for every s of odd cardinality > 5 (equivalently, by [3], a fold-over
design);
e cven—odd if Jy # 0 and j(s) # 0 for at least one s of odd cardinality > 5.
We write J, = 0 to mean j(s) = 0 for all s with |s| = g.

The two basic transforms we use are stated next; both are classical, but we give self-contained
proofs because the integrality conclusion is delicate.

3 The Walsh—Hadamard inversion

The characters {Xs}sc[n form an orthogonal basis of the space of functions {—1,+1}" — R.
Lemma 3 (Orthogonality). For all z,y € {—1,+1}",

2"z =y,
> xs(@) xs( —{0 o2y (2)

sCln]

Proof. Since xs(x)xs(y) = [;es 2iyi, summing over all subsets and using 3, [1ie5ti = [T, (1+
ti) with ti = X;Y; gives

n

Z Xs (@)X ( H(l + i)

sCn] i=1

Each factor equals 2 when z; = y; and 0 otherwise (as z;y; € {—1,+1}). Hence the product is 2"
if x = y and 0 if some coordinate differs. O

Lemma 4 (Inversion). For every f:{—1,+1}" — Z and every x € {—1,+1}",
2" fla) = ) j(s) xs(@). 3)
sCln]
Proof. Expanding j(s) = >_, f(y)xs(y) and exchanging the order of summation,
ZJ(S)Xs(HU):Zf Z Xs(y Xs Zf :1-]:2”]0(1-)7
sCln] Y sC|n]

by Lemma O

4 The divisibility theorem

Let 7: {—1,+1}" — {—1,41}" be the global sign reversal 7(z) = —z. Since y,(—z) = (=1)!*lx4(x),
the map 7 exchanges the even and odd parts of the Walsh expansion.

Theorem 5 (Divisibility of the top odd characteristic). Letn > 1 be odd and let f : {—1,+1}" — Z
be integer-valued. Suppose

j(s) =0 for every s C [n] with |s| odd and s # [n]. (4)
Then 21 divides j([n]); that is, j([n]) = 2" 'k for some integer k, written 271 | j([n]).



Remark 6. The hypothesis that n is odd is essential. For even n the full set [n] has even cardinality,
so it does not appear among the odd-order characteristics that controls, and the conclusion can
fail: at n = 4 there is an integer-valued f with every odd-cardinality j(s) equal to 0 yet j([4]) = —10,
which is not a multiple of 22 = 8. In the application below (Theorem E[) the theorem is used only
at the odd order g, where [qg] is itself an odd-cardinality set, so this hypothesis is always met.

Proof. Apply Lemma at = and at —z and subtract. Using y,(—z) = (—1)!*lx,(z),

2(f(z) — =) = 32 i) (1 = (M) xela) =2 3 (s

sC[n] |s| odd

because 1 — (—1)F! equals 0 for even |s| and 2 for odd |s|. By hypothesis the only odd-cardinality
subset with j(s) # 0 is s = [n], so the right-hand sum collapses to j([n]) X[, () — here we use that
n is odd, so that [n] is itself an odd-cardinality set and is the unique such set not excluded by .
Dividing by 2,

2" (f(2) = f(=a)) = j([n]) xpu) (2)- (5)
Choose © = (+1,...,+1), so that xp,(z) = 1. The left-hand side of (5) is 2"~! times the integer
f(x) — f(—=z). Therefore j([n]) = gn—l (f(x) — f(—x)), ie 2n1 | 7([n])- O
Corollary 7. Under the hypothesis of Theorem@ if j([n]) # 0 then N > 2771,
Proof. 27| j([n]) and j([n]) # 0 give |j([n])] > 2", while [j([n])| < N alwas. a

5 Projection and the main theorem

For s C [n] the projection (marginal) of f onto the columns s is the design msf on {—1,+1}°
obtained by forgetting the other coordinates:

(mHw) = D, [,  ye{-1,+1} (6)
ze{—1,+1} [\s
Lemma 8 (Projection preserves sub-characteristics). For every s C [n| and every t C s, the
J-characteristic of t in wsf equals that of t in f:

jwsf(t) = ]f(t)

Proof. Since x; depends only on the coordinates in t C s,
Jraf () =D (wf)(v) ZZf Y, 2) xi(y Zf ) = js(t). O

y

We can now prove the main theorem. It does not mention 56 or 64 directly: the run-size
threshold 256 is what matters.

Theorem 9 (Run-size lower bound; Conjecture . Let A be a two-level strength-3 design with
N runs and n > 9 factors satisfying Js = 0 and J; = 0. If A has any nonzero odd-order J-
characteristic (in particular if A is even—odd), then

N > 2971 > 28 — 956, (7)

where q is the smallest odd order carrying a nonzero characteristic. Consequently, for every N <
256—and in particular for N € {56,64} —no such design exists, for any n > 9. This proves
Congecture [1.



Proof. Let q be the least odd integer for which some g-subset s has j(s) # 0; such ¢ exists by
hypothesis. Strength 3 gives j = 0 in orders 1 and 3, and the hypotheses give it in orders 5 and 7;
hence ¢ ¢ {1,3,5,7}, so ¢ > 9. Fix an s with |s| = ¢ and j(s) # 0.

By minimality of ¢, every subset ¢ of odd cardinality with |t| < ¢ has j(¢) = 0; in particular this
holds for every odd proper subset ¢ C s. Project onto s: by Lemma/[§] 75 f is a g-factor design with
Jrof(t) = j¢(t) for all t C s. Thus in 7, f every odd-order characteristic vanishes except possibly
the top one jr r(s) = jr(s) # 0. Theorem (applied to the g-factor design 7, f) yields 2971 | j¢(s),
so by Corollary N>29"1 As¢>9, N > 2% = 256.

If N < 256 this is impossible, so no design with the stated properties exists; in particular
none exists for N = 56 or N = 64. An even—odd design has, by definition, a nonzero odd-order
characteristic of order > 5, so the conclusion applies to it. O

Remark 10. Theorem [9] is uniform in n and entirely free of computer search. The exhaustive
integer-feasibility computations that motivated the conjecture are recovered as the special case
n = q = 9: they verify, instance by instance, that jyo must be a multiple of 256 and hence vanishes
for N € {56,64}. Theorem [5| explains this quantization directly.

6 Sharpness, and necessity of the hypotheses

The threshold of Corollary [7] is attained.

Proposition 11 (Sharpness). For every q > 1 let Hy = {x € {-1,+1}7 : x(q(z) = +1} be the
even-weight half-fraction, taken with multiplicity one. Then Hy has N = 2971 runs, j([q]) = 2971,
and j(s) = 0 for every s with @ # s # [q]. In particular the bound N > 2971 of Corollary @ is
tight.

Proof. H, is the kernel of the homomorphism x — x(q(z) from ({—1,+1}9,-) to {—1,+1}, hence
|Hy| = 2971, For s = [q], x[q = +1 on Hy, so j([q]) = 297", For @ # s # |q], xs restricts to a
nontrivial character of the group H,, whose sum over the group is 0. 0

For ¢ = 7 the design H7 is the regular 2@}11 fractional factorial with defining relation I =

1234567.

Remark 12 (The bound n > 9 is sharp at N = 64). Take ¢ = 7 in Proposition Then Hy is a
strength-6 design on n = 7 factors with exactly N = 2% = 64 runs, J5 = 0, and J; = 64 # 0. Thus
a strength-3 design at N = 64 with Js = 0 but J7; #Z 0 does exist once we allow n = 7. Equivalently,
dropping the hypothesis J7 = 0 from Conjecture [[}—which is what forces the smallest nonzero odd
order up to ¢ > 9 in Theorem [9}—makes the statement false at N = 64: the threshold drops from
28 = 256 to 26 = 64 = N. In this precise sense the restriction to n > 9 (with J; = 0) cannot be
relaxed at N = 64. The design H; = 2\7,}11 is exactly the single exception identified empirically in
[1]; note it is not itself even—odd, as J4(H7) = 0. Making the example even—odd costs additional
runs, raising IV above 64; see Theorem

7 Existence of designs for large N

Theorem [9] is tight not only in the run size but in scope: once N is large enough, even—odd designs
with the conjecture’s vanishing pattern do exist, for every odd target order. We give an explicit
construction and then state the exact minimal run size.

The two ingredients are an “odd-top” block and an “even” block, combined by stacking runs;
stacking adds the linear forms, jaup(s) = ja(s) + iB(s).



Construction 13 (Even—odd design with prescribed top odd order). Fix an odd ¢ > 5 and work
on q factors. Let
e H = H, be the even-weight half-fraction (Proposition [11)): jg(s) = 0 except ju(Q) =
jn(lg) = 2775
e E be the regular 297! design with defining relation I = 1234, i.e. E = {z € {-1,+1}7 :
X{1,2,34}(z) = +1}. Its defining group {@,{1,2,3,4}} contains no odd word, so E is a
fold-over with jg(s) = 0 except jp(@) = jp({1,2,3,4}) = 2971,
Let A= E U H (stack the runs). Then A has N = 27 runs and

21 § =,
2071 5 =1{1,2,3,4},
jA(s) = 8
A= g ®)
0 otherwise.

Theorem 14 (Counterexamples exist for large N). For every odd q > 5 the design A = EUH of
Construction [13 is a strength-3 even—odd design with N = 29 runs on q factors satisfying

JIEJQEJ3EO, J5EJ7E---E q_QEO, J47£0, Jq;éO

In particular, for ¢ > 9 this is a strength-3 even—odd design with J5 = J; = 0 and a nonzero odd-
order characteristic—a configuration forbidden below 256 runs by Theorem [§ Moreover, writing
Nmin(q) for the minimal run size of an even—odd design with Js = --- = Jy—2 =0 and J; # 0, one
has the rigorous bounds

2971 < Nuin(q) < 297" +b(q), 9)

where b(q) is the minimal number of runs of a strength-3 fold-over design on q factors with Jy # 0.
Ezxhaustive integer optimization gives b(5) = b(7) = 16 and b(9) = b(11) = 24 and, for each
q € {5,7,9,11}, confirms that no even—odd design with the stated vanishing pattern has fewer than
2971 4 b(q) runs, so that

Numin(5) =32, Npin(7) =80,  Npin(9) = 280,  Npin(11) = 1048.
We conjecture that the upper bound is the truth, Nmin(q) = 2971 +b(q), for all odd q.

Proof. The characteristics of A follow from ja(s) = je(s) + ju(s) and the values listed in Con-
struction the only nonzero ones are at &,{1,2,3,4},[¢q]. Hence J; = Jy = J3 = 0 (strength 3);
every other order below ¢ vanishes (so J5 = -+ = Jy;_92 = 0); Jy # 0 (the even part); and J,; # 0
with ¢ odd (the odd part). Thus A is even-odd, with N = |E| + |H| = 297! 4+ 2971 =29,

For the bounds @: the lower bound N > 2971 is Corollary [7] applied to the order-q projection
(as in the proof of Theorem @ The upper bound is achieved by the variant A’ = Hy U Epin,
where Fpi, is a minimal b(g)-run strength-3 fold-over design with J; # 0: stacking adds the
characteristics, so A’ inherits j([g]) = 297! # 0 and the vanishing of all lower odd orders from
H,, while a fold-over contributes nothing to any odd order and supplies Jy # 0; thus A’ is a valid
even—odd witness with 2971 + b(q) runs. The exact values b(5) = b(7) = 16, b(9) = b(11) = 24, and
the assertion that no even—odd design with the stated vanishing pattern is smaller than 29! +b(q)
for g € {5,7,9,11}, were obtained by exact integer optimization (HiGHS) and confirmed by direct
computation of the full J-spectrum of the witnesses (Tables [1| and ; they give the stated Npyin
values. The matching general lower bound Npin(q) > 2971 + b(q) is left as a conjecture. O



Table 1: Minimal run sizes for a strength-3 even-odd design with J5 = --- = J,_2 = 0 and
Jy # 0. The “odd-top” size 2971 is the even-weight half-fraction H, (Prop.|11)); b(q) is the minimal
strength-3 fold-over block with Jy # 0; Npmin(q) = 2971 +b(q) (Thm. . All values were re-verified
by direct computation of the full J-spectrum from explicit +1 row matrices and by exact integer
optimisation (HiGHS).

g 277" b(g) Nmin(q)
5 16 16 32
7 64 16 80
9 256 24 280
11 1024 24 1048

Table 2: Full J-spectrum (the maximal |J| at each order) of the minimal even-odd constructions
A= H,U Eny, for g =9 (N =280) and ¢ = 11 (N = 1048), where Ey,;, is the minimal b(q) = 24-
run strength-3 fold-over block with J4 # 0, computed directly from the explicit +1 row matrices.
In both cases J; = Jy = J3 = 0 (strength 3), Js = J; = -+ = J,0 = 0, Jy # 0, and J,; # 0;
the nonzero even orders Jg, Jg come from the fold-over block and are immaterial to the even—odd
property. (Construction which uses the larger 29~ '-run block E, instead yields the cleaner
spectrum with J4 and Jj as its only nonzero non-empty characteristics.)

q J1 o J3 Jy Js Js Jr Jg Jo Jio Jn

9 0 0 0 8 016 0 8 26 — —
1 0 0 0 8 016 0 8 0 0 1024

Remark 15. The case ¢ = 9 pins down why N = 56, 64 are safe with no room to spare. A nonzero
Jg with Js = J; = 0 requires the 28 = 256-run half-fraction Hg; but Hy has J4 = 0 and so is
not even—odd. Upgrading it to an even—odd design needs a further fold-over block, and no 16-run
block on 9 factors works, while a 24-run one does; hence the minimal even—odd counterexample
with J5 = J; =0, Jg # 0 has Npyin(9) = 280. The gap from 64 to 280 is the quantitative content
of the conjecture.

8 Discussion

The results above replace a computational conjecture by a short structural proof and locate the
mechanism precisely. The only place where the run size enters is the integrality of the multiplicity
vector: equation expresses the top odd characteristic as 2"~! times an integer difference of
multiplicities. The continuous relaxation, in which f ranges over non-negative reals, places no
lower bound beyond |j| < N; indeed the uniform distribution on H, already realizes a nonzero
normalized top characteristic at N = 1. Thus no Delsarte-type linear-programming certificate can
prove Conjecture [I} the divisibility argument is essential.

Two consequences are worth recording. First, Theorem [J] proves the conjecture for all N < 256,
not only N € {56, 64}, uniformly in the number of factors. Unlike enumeration-based approaches,
which are rendered finite only by Butler’s bound n < N/3 on the number of factors of an even—odd
design [2], the present argument needs no bound on n whatsoever. Second, Theorem [14] shows the
result is sharp in NV and exhibits the failure of the analogous statement for every larger odd order,
with explicit witnesses. Together they give a near-complete picture: a strength-3 even—odd design



with J; = --- = J,_2 = 0 and a nonzero J, (¢ odd) exists whenever N > 2971 4 b(q) and never
when N < 2971 for g € {5,7,9,11} the exact threshold is 297! 4 b(q), which we conjecture to hold
for all odd gq.

A Lean 4 formalization

We formalize the heart of the argument—the divisibility theorem (Theorem [5)—in Lean 4 with
mathlib. The design space is (Z/2)", with coordinate value 0 encoding the level +1 and 1 encoding
—1; the character is the integer product of signs (sign, chi), the signed J-characteristic is jc, and
global sign reversal 7 is addition of the all-ones vector (£1ipAll).

Remark 16 (Verification status). The development below is machine-checked: it compiles against
mathlib with no sorry and no axiom (lake build EoConjecture.Divisibility completes suc-
cessfully, 1148 jobs). It proves the full chain of Section |5} orthogonality (chi_orth, Lemma [3)),
Walsh-Hadamard inversion (inversion, Lemma, the fold-over identity (foldover, equation ),
and the divisibility theorem (two_pow_dvd_top, Theorem . The remaining, elementary steps of
the paper—the run-size bound |j| < N (Corollary@, the projection identity (Lemma, and their
assembly into Theorem [0} —are not part of this Lean file.

The complete verified source follows verbatim.

/_

A self-contained Lean 4 / Mathlib formalization of the central divisibility
theorem for signed J-characteristics of two-level designs.

Model: the design space s ‘Point n := Fin n — ZMod 2°¢, where coordinate value
0 means +1 and coordinate value 1 means -1.

sign ¢ %2 := 1f € © = 0 then 1 else -1 (the +1 value of coordinate 1)

chi sz :=1 © € s, sign z < (interaction monomial / character)
jefs =X, fx*chisa (stgned J-characteristic)

flipAll = := fun @ => x 7 + 1 (global sign reversal)

Main result ‘two_pow_dvd_top‘:
1f every odd-cardinality proper subset has wvanishing J-characteristic, then
‘27(n-1) ¢ divides the top J-characteristic ‘jc f univ‘.

READING GUIDE. Each declaration below is written so that its *statement* is
everything up to and including ‘:= by, and its *proof* is the indented tactic

block that follows, whose first line is the marker ‘-— Proof:°‘.

-/

import Mathlib.Data.ZMod.Basic

import Mathlib.Algebra.BigOperators.Ring.Finset

import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.Algebra.BigOperators.Group.Finset.Piecewise
import Mathlib.Algebra.Ring.Parity

import Mathlib.Tactic.Ring

import Mathlib.Tactic.FinCases

import Mathlib.Tactic.Common

open Finset BigOperators



namespace EoDivisibility
/-1 ### Definitions -/

/-— A point of the two-level design space: a sign pattern on ‘n‘ coordinates,
encoded with ‘ZMod 2° (0 — +1, 1 — -1). -/
abbrev Point (n : N) := Fin n — ZMod 2

variable {n : N}

/-- The £1 sign of coordinate ‘¢° of a point. -/

def sign (x : Point n) (i : Finn) : Z := if x i = 0 then 1 else -1

/-- The interaction monomial (character) for a subset ‘s‘ of coordinates. -/
def chi (s : Finset (Finn)) (x : Point n) : Z :=Il i € s, sign x i

/- The signed J-characteristic of a function ‘f¢ on the design space. -/
def jc (f : Point n — Z) (s : Finset (Finn)) : Z := ¥ x, f x * chi s x

/= Global sign reversal: flip every coordinate. -/
def flipAll (x : Point n) : Point n := fun i => x i + 1

/-! ### Elementary sign lemmas -/

/-- Statement: every element of ‘ZMod 2°¢ is either ‘0° or ‘1°. -/
theorem zmod_two_cases (a : ZMod 2) : a =0V a =1 := by

-— Proof:

revert a; decide

/-- Statement: the sign of a coordinate squares to ‘1° (it is ‘*+1°). -/
theorem sign_sq (x : Point n) (i : Fin n) : sign x i * sign x i = 1 := by
—-- Proof:
unfold sign
rcases zmod_two_cases (x i) with h | h <;> simp [h]

/-- Statement: flipping a coordinate negates tits sign. -/
theorem sign_flipAll (x : Point n) (i : Fin n)
sign (flipAll x) i = - sign x i := by
—-— Proof:
unfold sign flipAll
rcases zmod_two_cases (x i) with h | h <;> rw [h] <;> decide

/-1 ### Step 1: behaviour of the character under a global flip -/

/-- Statement (Step 1): under a global sign reversal the character picks up
‘(-1)"Isl . -/
theorem chi_flipAll (s : Finset (Fin n)) (x : Point n)
chi s (£f1ipAll x) = (-1) ~ s.card * chi s x := by
-— Proof:
unfold chi
rw [+ Finset.prod_const, < Finset.prod_mul_distrib]
apply Finset.prod_congr rfl
intro i _
rw [sign_f1ipAll]
ring

/-1 ### Step 2: orthogonality of the characters -/

/-- Statement: a single orthogonality factor ‘sign = % * sign y ¢ + 1° equals



‘2¢ when the coordinates agree and ‘0° when they differ. -/
theorem factor_eq (x y : Point n) (i : Fin n)
sign x 1 * sign y i + (1 : Z) = if x i = y i then 2 else 0 := by
-— Proof:
unfold sign
rcases zmod_two_cases (x i) with hx | hx <;>
rcases zmod_two_cases (y i) with hy | hy <;>
simp [hx, hy]

/-- Statement (Step 2): orthogonality of characters,
> s, chi sz * chi sy =1f € =y then 2°n else 0°. -/
theorem chi_orth (x y : Point n)
(¥ s : Finset (Fin n), chi s x * chi s y) = if x = y then (2 : Z)
—-- Proof:
-— Each character product s a product over the subset.
have hprod : V s : Finset (Fin n),
chi s x x chi s y =11 € s, (sign x 1 * sign y i) := by
intro s; unfold chi; rw [ Finset.prod_mul_distrib]
simp_rw [hprod]
—-- Convert the sum over all subsets to a single product via ‘Finset.prod_add°‘.

n else 0 := by

have hpow :
(¥ s : Finset (Fin n), II i € s, (sign x i * sign y 1))
=II'i: Finn, (sign x i * sign y i + 1) := by
rw [Finset.prod_add]
rw [Finset.powerset_univ]
apply Finset.sum_congr rfl
intro s _
-- the constant-‘1‘ product over ‘univ \ s¢ is ‘1
have : (II i € (univ \ s), (1 : Z)) =1 := by simp
rw [this, mul_one]
rw [hpow]

-- Now rewrite each factor and split on ¢ ‘

z=9y".
simp_rw [factor_eq]
by_cases hxy : x =y
- subst hxy
simp only [if_true]
rw [Finset.prod_const, Finset.card_univ, Fintype.card_fin]
- rw [if_neg hxy]
—-- there is a coordinate where they differ; that factor is 0
obtain (i, hi) := Function.ne_iff.mp hxy
apply Finset.prod_eq_zero (Finset.mem_univ i)
rw [if_neg hil

/-1 ### Step 3: Fourier (Walsh{Hadamard) inversion -/

/-- Statement (Step 3): Fourier inversion, ‘2°n * fx =% s, jc f s * cht s z‘. -/
theorem inversion (f : Point n — Z) (x : Point n)
(2 :2Z) "n*xfx=2%Xs : Finset (Fin n), jc £ s * chi s x := by

-— Proof:

-- expand jc and swap the order of summation

unfold jc

have hexpand :

(X s : Finset (Finn), (¥ y, £ y * chi s y) * chi s x)

=Y s : Finset (Fin n), ¥ y : Point n, (f y * chi s y * chi s x) := by
apply Finset.sum_congr rfl; intro s _; rw [Finset.sum_mul]
rw [hexpand, Finset.sum_comm]
have hfactor :
(X y : Point n, ¥ s : Finset (Fin n), f y * chi s y * chi s x)
=Xy : Point n, £y * (¥ s : Finset (Fin n), chi s y * chi s x) := by
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apply Finset.sum_congr rfl; intro y _
rw [Finset.mul_sum]; apply Finset.sum_congr rfl; intro s _; ring
rw [hfactor]
have horth : V y : Point n,
(¥ s : Finset (Fin n), chi s y * chi s x)
=if y = x then (2 : Z) "~ n else 0 := fun y => chi_orth y x
simp_rw [horth]
rw [Finset.sum_congr rfl (g := fun y => if y = x then £ y * (2:Z)"n else 0)
(by intro y _; rw [mul_ite, mul_zero])]
rw [Finset.sum_ite_eq’ Finset.univ x (fun y => £ y * (2:Z)"n)]
simp [mul_comm]

/=1 ### The fold-over tdentity and the divisibility theorem -/

/-— The all-‘+1° design point (every coordinate ‘0°). -/
def x0 : Point n := fun _ => 0

/-- Statement: the character of the full coordinate set at ‘z0‘ is ‘1¢. -/
theorem chi_univ_x0 : chi (Finset.univ) (x0 : Point n) = 1 := by

—-- Proof:

unfold chi x0 sign

apply Finset.prod_eq_one

intro i _

simp

/-— Statement (fold-over identity): combining Fourier inversion at ‘z‘ and at
‘flipAll z¢ (via ‘chi_flipAll‘), every coordinate-set contributes
‘ge f s * (1 - (-1)"|s]) * chi s ‘. -/
theorem foldover (f : Point n — Z) (x : Point n)
(2 :Z) ~n* (f x-f (flipAll x))
=Y s : Finset (Fin n), jc £ s * (1 - (-1) ~ s.card) * chi s x := by
—-- Proof:
have hx := inversion f x
have hfx := inversion f (flipAll x)
have hfx’ : (2 : Z) ~ n * f (flipAll x)
=Y s : Finset (Fin n), jc £ s * ((-1) "~ s.card * chi s x) := by
rw [hfx]; apply Finset.sum_congr rfl; intro s _; rw [chi_flipAll]
rw [mul_sub, hx, hfx’, < Finset.sum_sub_distrib]
apply Finset.sum_congr rfl
intro s _
ring

/-= **Main theorem (odd dimension).**

Statement: let ‘n‘ be odd. If every odd-cardinality *proper* subset of
coordinates has vanishing J-characteristic, then ‘2°(n-1)° divides the top
J-characteristic ‘jc f univ‘.

NOTE. The hypothesis ‘0Odd n‘ is genuinely necessary: for even ‘n‘ the statement
is false. Ezplicit counterexample at ‘n = 4‘: there is an integer function ‘f°
with every odd-cardinality (proper) J-characteristic equal to ‘0° for which
‘je f univ = -10°, which is not divisible by ‘2°(4-1) = 8°. (This is visible
from the foldover identity, whose ‘untiv‘-coefficient ‘1 - (-1)"n‘ equals ‘2°
ezactly when ‘n‘ is odd and ‘0° when ‘n‘ is even.) -/
theorem two_pow_dvd_top (f : Point n — Z) (hodd_n : 0dd n)
(hodd : V s : Finset (Fin n), 0dd s.card — s # Finset.univ — jc £ s = 0)
(2 :Z) -~ (m-1)| jc £ Finset.univ := by
—-- Proof:
obtain (k, hk) := id hodd_n
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have hn : 1 < n := by omega
—-= In the foldover sum, every term except ‘s = univ‘ vanishes.
have hterm : V s : Finset (Fin n), s € (Finset.univ : Finset (Finset (Fin n))) —
s # Finset.univ —
jcfsx* (1 - (-1) " s.card) * chi s (x0 : Point n) = 0 := by
intro s _ hsne
rcases Nat.even_or_odd s.card with hev | hod
- have : ((-1 : Z)) ~ s.card = 1 := hev.neg_one_pow
rw [this]; ring
- rw [hodd s hod hsnel]; ring
have hsum :
(¥ s : Finset (Fin n), jc £ s * (1 - (-1) ~ s.card) * chi s (xO : Point n))
= jc f Finset.univ * (1 - (-1) ~ (Finset.univ : Finset (Fin n)).card)
* chi Finset.univ (x0 : Point n) := by
rw [Finset.sum_eq_single (Finset.univ : Finset (Fin n))]
- intro b _ hb; exact hterm b (Finset.mem_univ b) hb
- intro h; exact absurd (Finset.mem_univ _) h
have hcard : (Finset.univ : Finset (Fin n)).card = n := by
rw [Finset.card_univ, Fintype.card_fin]
have hpow : ((-1 : Z)) ~ ((Finset.univ : Finset (Fin n)).card) = -1 := by
rw [hcard]; exact 0dd.neg_one_pow hodd_n
have hkey := foldover f (x0 : Point n)
rw [hsum, hpow, chi_univ_x0] at hkey
set D : Z :=f (x0 : Point n) - £ (£flipAll (xO : Point n)) with hD
have h2 : (2 : Z) "~ n * D = jc f Finset.univ * 2 := by
rw [hkeyl; ring
have hsplit : (2 : Z) "n=2%2 " (n-1) := by
conv_lhs => rw [show n = (n - 1) + 1 by omegal
rw [pow_succl; ring
rw [hsplit] at h2
have hfinal : jc f Finset.univ =2 ~ (n - 1) * D := by
have heq : (2 : Z) * jc f Finset.univ =2 *x (2 ~ (n - 1) * D) := by
have : (2 : Z) * (2 - (mn - 1) * D) = jc f Finset.univ * 2 := by
rw [+ h2]; ring
rw [this]; ring
have h2ne : (2 : Z) # 0 := by norm_num
exact mul_left_cancelp h2ne heq
exact (D, hfinal)

end EoDivisibility

The remaining steps that turn two_pow_dvd_top into Theorem [J] are not formalized here but are
elementary: the projection operator ms (Lemma is marginalization over the complementary
coordinates, with jr r(t) = j¢(t) by the same character-restriction argument as in the text; and
Theorem |§| is the composition of two_pow_dvd_top (applied at the odd order ¢) with this projection
lemma and the bound |j| < N.
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